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Abstract 

The aim of this paper is fourfold. Firstly, we introduce and study 
the /-ultra-harmonic maps. Secondly, we recall the geometric dy- 
namics generated by a first order normal PDE system and we give 
original results regarding the geometric dynamics generated by other 
first order PDE systems. Thirdly, we determine the Gauss PDEs and 
the fundamental forms associated to integral manifolds of first order 
PDE systems. Fourthly, we change the Gauss PDEs into a geometric 
dynamics on the jet bundle of order one, showing that there exist an 
infinity of Riemannian metrics such that the lift of a submanifold map 
into the first order jet bundle to be an ultra-potential map. 
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1 Generalized Harmonic and Potential Maps 

All maps throughout the paper are smooth, while manifolds are real, finite- 
dimensional, Hausdorff, second-countable and connected. 

Let (A^, h) be a Riemannian manifold of dimension m and let M be dif- 
ferential manifold with dimension n. Hereafter we shall assume that the 
manifold is oriented. Greek (Latin) letters will be used for indexing the 
components of geometrical objects attached to the manifold (manifold M). 
Local coordinates on will be written t = (t"), a = 1, . . . , m, and those 
on M will he X = (x*), i = 1, . . . ,n. The components of the corresponding 
metric tensor h and Christoffel symbols on the manifold A^ will be denoted 
by hai3,H^^. 

The product manifold A^ x M is endowed with the coordinates (t",x*) 
and the first order jet manifold J^{N, M), called the configuration bundle, is 
endowed with the adapted coordinates (t", x*, x^). The distinguished tensors 
fields and other distinguished geometrical objects on A^ x M are introduced 
using the geometry of the jet bundle J^{N, M) [4], [5], [15]. 
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Let ifi : N ^ M, (f{t) (t") be a C°° map (parameterized 

m-sheet). For a fixed symmetric (possible degenerated) (0,2)-tensor field 
/ — ifij) on M, we attach the f -energy density Lagrangian defined by 

(1) Efi^m = h'^^m,{x{t))xi,{t)4{t) 

and the total energy 



where \h\— det h and dvh — ^J\h\dt^ /\ . . . /\ df^ denotes the volume element 
induced by the Riemannian metric h. 

Definition 1. A map ip is called / - ultra- harmonic map if it is a critical 
point for the /-energy functional Ef, i.e., an extremal of the Lagrangian 



L,^Ef(cp){t)J\h\, 



for all compactly supported variations. 
If we denote by 



1 J dfij dfik dfjk 



2 [ dx'^ dx^ dx'^ j 

the Christoffel symbols of the first type attached to tensor f and if we intro- 
duce the distinguished tensor field 



d^x^ 

then an f -ultra-harmonic map equation is written in local coordinates as 

(2) = 

(a nonlinear ultra-parabolic-hyperbolic PDE system of second order). 

Let fif be a Riemannian metric on the manifold M and Gf'- be the corre- 
sponding Christoffel symbols. In particular, ii f = g, we obtain the definition 
of classical harmonic maps [l]-[7], [11]-[13], [15]-[17], [19]-[20]. Indeed, the 
classical form of the kinetic energy density corresponding to the map (f is 



and the harmonic map equation (a system of nonlinear elliptic- Laplace PDEs 
of second order), is expressed in local coordinates by 



where 



X 



Let T = (T^(t)) be a given distinguished tensor field on A^, let g he a 
Riemannian structure on M and / be a (0, 2) tensor field on M. We define 
the deviated f -energy density Ef^g^rif) of the map (/? relative to g and T by 
the formula 



(3) 



E 



+^h'^^t)g,,{xm<{t) - TMim - Tm- 

Definition 2. A map ^p is called f -ultra-potential map if it is a critical 
point of the energy functional Ef^g^T, i-e., an extremal of the Lagrangian 



L2 = Ef,g,T{^){t)^\h\, 

for all compactly supported variations. The map 9? is called generalized 
ultra-potential map relative to g and T if there exists a (0, 2)-tensor field / 
on (M, g) such that (p is /-ultra-potential. 

The f -ultra-potential map equation is a system of nonlinear ultra-hyperbolic- 
Poisson PDEs and is expressed locally by 



(4) 



9io 



on 

dt^ 



9siG]k ~ 9sjG 



ki 



1, 



+ 2^"^^ dx^ • 



Finally, if is a fixed Riemannian structure on M, let Xl^{t,x) be a 
given C°° distinguished tensor field on N x M and c{t, x) be a given C°° 
real function on A'" x M. The general energy density Eg^x{f) of the map ip, 
relative to 5', c and X is defined by 



(5) 



Eg,,,x{v{t)) = -h'^f'{t)g,,{x{t))xl{t)x^^{t) 



-h'^^{t)g,,{x{t)y,{t)Xl{t,x{t)) + c{t,x). 
Of course Eg^c,x{^) is a perfect square and is denoted by Eg^x{f) iS 

c^h-^mMt))Kit,x{t))xj,{t,x{t)). 
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Similarly, for a relatively compact domain Q C TV, we define the energy 

Eg,x{iP;n)= [ Eg,x{^){t)dVh. 

Definition 3. A map (p is called potential map if it is a critical point of 
the energy functional Eg^x-i i-e., an extremal of the Lagrangian 



for all compactly supported variations. 

The potential map equation is a system of nonlinear elliptic-Poisson PDEs, 
locally expressed by 

(6) h'^^xip = g^^— + h'^^iVkXi - g^^ff'ViXDxi + h'^^D^Xl, 

where D is the covariant derivative on [N, h) and V is the covariant derivative 
on {M,g). Explicitly, we have 

BX^ BX^ 

(7) ^jK-^ + g],x'^, D,xi,^^-Hix:^, 



(8) Fj\ = V,X; - gn^g'^'^kX^ 

(9) ^ = G^gn, + G^g^i ^ = -H^,h'^ - H^,h-\ 

2 Geometric dynamics and potential maps 

Let (N,h) and {M,g) be two Riemannian manifolds of dimensions m, respec- 
tively n and let X = (X^(t,a:)) be a distinguished tensor field on the 
manifold x M. The classical geometric dynamics [7]-[13], [14]-[16] consists 
in extending the normal PDE systems of first order 

(10) %it)-X:{t,x{t)) 

into second order Euler-Lagrange type systems such that the solutions of the 
system (10) to be potential or harmonic maps relative to a certain geometric 
structure. Following this idea, we recall, without proof, one of the main 
results in [7]. 

Theorem 1. Each solution x : N ^ M of the nonlinear and non- 
homogeneous PDE system (10) is a potential map. More precisely, x{-) is an 
extremal for the least square type Lagrangian 

(11) = \h'^^g^A< - K){x^p - A^) v^. 
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2.1 Geometric dynamics induced by 

non- homogeneous first order PDEs 

We start with a Riemannian manifold {N, h) of dimension m, a differential 
manifold M of dimension n, a C°° tensor field Y = {Y-{x)) on M, respectively 
a C°° distinguished tensor field T = {T^{t)) on N and the imphcit non- 
homogeneous nonlinear PDE system of order one 



(12) %^m;{x{t)) = K{t). 

The purpose of this sub-section is to analyze the dynamics induced by the 
PDE system (12) and by appropriate metric tensor fields on and M. By 
differentiating the foregoing relation on x M along a solution we obtain 



Using (12), adding-subtracting convenient terms, we change this relation into 
(13) 

Taking the trace in (13) with respect to h""^, followed by a contraction with 
Qip and adding the terms —h'^^ gsjxi^x'^Y^G^p and ^x^^x^YjY^^^, we find 



(14) 



dY! 



9iP Q^k + dipGks^j 



If 



^ik\p 



and 



9sj^k^ip+ 2^ ' dxP 



9ip 



^ a _ rpl TT'J 



kp 



I ^rpjrpk ^Qjk 

^ 2 f'dxp- 



dY^ 1 



dx^ 



o 1 








'~'jk\p 2 




' ^]k\p 2 


^jk\p ^kj\p 
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then 



^jk\p 



9sp 



{dipG^s ~ 9ijGl^ + YfY^ {gijGip + QsjOi^ 



dYf ^ - ^ 



dx^ dxP I ' 



^jk\p 



1 

2 



'dY^_dY£ 
dx^ dx^ 



kQ^p 

dgpk _ 
^ dx^ 



Y, 



Y, 



dx^ 



If the m-sheet x{-) satisfies the PDE system (12), then, along x{-) we 
have 

h ^ x^^XpAjif.^p = 
and the PDE system (14) becomes 



(15) h"^g,pY^ 



+ h^'^x-j^XgSjkip — h^^Qip 



g rpt TT"/ 

0^13 -'t a/3 



9spGjk 9sjGlp 



^i_ 



2 ^ dxP' 

Theorem 2. The solutions of the implicit PDE system of first order (12) 
are f -potential maps on {M,g), relative to the distinguished tensor field T, 
where the tensor field f is solution for the PDE system 



(16) Y 
satisfying also the conditions 

(17) I 



s^fsj 



by: 



dx^ dx^ 



u J s: 



g,sYf = gj^Yf. 



More precisely, the solutions of the implicit PDE system of first order 
(12) are extremals for the Lagrangian 



-h 



k<4 + 9^A<-TD{4-n) ^^\h\ 
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Proof. We consider first the Lagrangian 



L,^h-^[g,M-^9ioKn]J\h\. 



In general, if L = E^\h\^ where E denotes an energy density, then the 
Euler-Lagrange equations of extremals, 



dL d dL 



can be written in the form 

dE d dE 







(18) 
We compute 



//lie = 0. 



dxi" dV^dxi ^""dxi 



dE, 
dx^ 



dx'^ 

dE, 
dx^ 



ddE,_ dh'^^ ^^a,^9,, uas 



Replacing in (18), we find 
'dTf 



-SL, = h-Pg, 



ik 



Ota S^a^ 



gskGl^ — gsiG 



jk 



I 1 l.al3 dgij rpirpj 



which is precisely the right hand in (15). 

Next, we shall compute the first variation for the Lagrangian 



We obtain 

dEe 
dx^ 



Q^k '3 + 9^s + d^k + Q^k 



f)E 1 

Q^-^h-'i9ksYf + gjsY^)x^„ 



i J 



d dEe 
df" dx^ 



dt<^ 



Replacing in (18), we find 

where 

E, 



dx^ 
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a X^XgZ^ij\k, 



1 



-'ij\k 



Yf(^-^]+Y/(^-^]-g,, 



'dY/ dYf 



^ \ dx^ dx^ 



dx^ dx^ 



+ 



dx^ dx 



—Y^ 
1 1. 



9sj 



'dYf dY' 



9s 



'dYf dY^ 



^ dx^ ' dx'j J ' \^ dx'^ y 

By computation, using relations (17), we obtain 

\(Y.^dfs, dY; 



dx'' dx^ 



■'ij\k ~l~ 



dx'^ dx'' 



fs 



that is, using relation (16), 



Therefore, —SLq has the same expression as the left hand side in relation 
(15). We conclude that x{-) is an extremal for the Lagrangian 



h^^ig^^sYf + gjsYnx'^4^\ - h^^ (g.jxm - ^g^.^T;^ ) ^\h\ 
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2.2 Geometric dynamics induced by 
homogeneous first order PDEs 

Now, let us consider the homogeneous nonhnear first order PDE system 



(19) 



dx^ 



{t)YUx{t)) = 0. 
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By differentiating the tensor field xiXj{x{t))dt°' <^ on N x M along a 
solution and adding-subtracting appropriate terms, we obtain 



or 



(20) 
where 



yj - <y;Hi, + <4v,i7 + xixpiY: = o, 



+ x^,4(v,r);. = o, 



dx^ 



Taking the trace of (20) with respect to /i"^ and lowering the index i with 

Qik, we get 



(21) 
where 



h'^^g^uYix^^p + K'^g.uxixlV^Yi = 0, 
. _ d X _ i TT-r I j kr<i 



Theorem 3. The solutions of the implicit homogeneous PDF system 
of first order (19) are f -harmonic maps on M, where fij = QisY^ and g is 
solution for the PDF system 



(22) 



(v.r)5 



dYi 

Q^k ^ ^ks'^j '^kj^s 







satisfying the symmetry condition 



(23) 



Here G^j mean the Christoffel symbols of g. 

Moreover, the solutions of the implicit homogeneous PDE system of first 
order (19) are extremals for the Lagrangian 



Remarks. (1) The idea of finding G\g from the relation (22) was devel- 
oped in [17]. 

(2) Writing the complete integrability conditions for the PDEs (22), we 
obtain 

(24) Y:R%, = Y^Rl,,, 
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where R denotes the Riemann curvature tensor field corresponding to the 
solution g. 

Proof. We need to verify that the PDE system (21) is in fact the Euler- 
Lagrange PDE system corresponding to the Lagrangian 

On the other hand, we know that 



and the hypotheses ensure us that Fij\k — —gksYiG\y We obtain 



-5Ls = h'^^gskY^' 



___ _ w ff^ -^ 



— n gskJ-j 



and the Euler Lagrange PDE system corresponding to Lg has the same ex- 
pression as in (21). □ 



3 Gauss equations for an 
integral submanifold map 

In this section, [N, h) and (M, g) denote an m-dimensional, respectively, an 
n-dimensional Riemannian manifold and X = X^(t, x)dt'^ (g) ^ is a C°° 
distinguished tensor field on x M, satisfying the integr ability conditions 



dXi dXi 



^xi 



xi. 



dx^ ^ dx^ 

We are looking for describing the geometry of the C°° integral submanifolds 



(25) 



dx^ 

x:N^M, —{t) = Xl^{t,x{t)). 



Differentiating PDEs (25) along a solution and replacing xi — XL we 



find 

(26) 



d'x^ ^ . dXl 

dt^dt^ dx^ ^ dt^' 



On the other side, the Gauss equation corresponding to an m-dimensional 
submanifold x{-) is of the form 



(27) 



^(t) = ^lpm,{t) + Kp{t)K{x{t)l 
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where — N^-^ is an orthonormal family of vector fields on M, normal to 
the submanifold x{N), that is 

(28) g^,KNi = 6a,, g^.KXl = 0. 

Moreover, let Kp{t) = (^gijX'^xfj {x{t)). Prom the relations (26)-(27), we 
obtain the Tzitzeica connection 



(29) Al^it) = h'"^{t)g,,X', 
and the fundamental forms 

(30) Al^it) = 5^\t)g,,N^ 



{x{t)), 



dXi^^^ ^ dXl 



dx^ ^ dtP 



{x{t)). 



4 General potentiality of submanifold maps 

Our aim is to prove that there exists an infinity of Riemannian structures 
such that the lift of a submanifold map to the jet bundle of order one is 
a potential map. Let x : N ^ M he a C°° m-dimensional Riemannian 
submanifold of (M, g) . Then, the Gauss formula of the submanifold x is 

(Gauss) ^=K,^', + K,K, 

where {A^s|s = 1,...,??. — m} denotes a family of normal vector fields to the 
submanifold, A^^ are the components of the connection and A^^ are the 
fundamental forms. We make the assumption that {A^sl* = l,---,n — m} 
is an orthonormal distribution. We transform the Gauss second order PDE 
system into a first order system on the jet bundle J^{N, M) as it follows: 



(Gauss) 




Let r] be the induced Riemannian metric on the submanifold N, i.e., 

Vafiit) = gij{x{t))x'^{t)x^f^{t). 

Moreover, 



A7 _ 1 



dtp df" 



■ A" — n N^6°'^ 
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denote the Christoffel symbols, respectively the second fundamental forms of 
the submanifold. 

Let h be an arbitrary Riemannian structure on and let J^{N, M), with 
local coordinates (t",XQ = a;*,xj^ = xj^), denote the first order jet bundle. 
Let I = {I = Q \i = 1, .., n, a = 0, m} and ^ : ^ J\N, M), if{t) = 
(t, x^(t)). Then, we may write the Gauss second order PDE system as the 
Gauss first order PDE system in the jet bundle of order one, 

{Gauss) ^(t) = 4(t,x(t)), 



where 



We know from [7] that the solutions of a normal system of PDEs of 
order one are potential maps in an appropriate geometrical structure. The 
purpose of this paper is to prove that, for each embedded submanifold, there 
are geometric structures on the environmental manifold such that the lift to 
the jet bundle of a submanifold map is a potential map and to find the PDEs 
describing this Riemannian structures. Let hap{t)dt°' ® dt^ + gijdx^ (g) dx."^ 
be an arbitrary Riemannian structure on J^(N,M). The following result is 
a consequence of Theorem 1. 

Theorem 4. The lift of a submanifold map x : N ^ M to the jet bundle 
J^{N,M) is a potential map. More precisely, it is an extremal for all the 
least squares Lagrangians (depending on the Riemannian structure g) 

Remarks. (1) Writing the Euler-Lagrange PDEs for the Lagrangian Lg, 
we obtain 

where 

VlX^ = + T]^sX^ , D^X^j^ = -H'^^X^, 

F/^^VjX'^-g'^^gKjVLX;^, 
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and 



- i/,T„xf, + TV, -^"^ 



(2) There exists an infinity of geometrical structures g sucli tliat tlie lift of a 
submanifold map is a potential map. 



5 General harmonicity of submanifold maps 



Generally, an arbitrary submanifold map between two Riemannian mani- 
folds (A^, g) and (M, g) is not a harmonic one and not even a potential one. 
Nevertheless, Theorem 4 proved that its lift to the first order jet bundle, 
endowed with an infinite possible Riemannian structures, it is a potential 
map. We shall see further, that the submanifold map may also be harmonic, 
in a general sense. Indeed, let N and M be two differentiable manifolds and 
X : N ^ M he a differentiable submanifold map. Let \/x{t) = be 
the Jacobian matrix which is of rank m. For each point t e iV, the algebraic 
system 

-mm = 0' 



^ be a C°° tensor field 



defines the matrix function Cj{t)- Let Y — Y-{x)dx^ 

on M such that Y-{x{t)) — i]{t). Then x{-) is a solution for the nonlinear 
homogeneous PDE system 



(32) 



dx^ 



mam = 0. 



As a consequence of Theorem 3, an arbitrary Riemannian structure h on 
N, together with a Riemannian structure on M (solution for a nonlinear 
PDE system marking a parallelism condition, satisfying also a symmetry 
condition) determine the general harmonicity of the map x(-). 

In the sequel, we shall describe an alternative way of obtaining general 
harmonicity, where the Riemannian structure h stays fixed, but the symmetry 
condition for the Riemannian structure g is unconditional. 

For this, we start from the relation 



(33) h^^gisYI 



[77 



+ h"'^ gisX^x'p 



dY^ 



dx^ 



s 

P ^jk 



0, 



obtained by differentiating the initial homogeneous system (32) along a solu- 
tion and taking, afterwards, the trace with respect to h and the contraction 
with respect to g. We know that, for a fixed Riemannian structure g'^ on 
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M and a family of normal vector fields Na — (N^), a — — m, each 

submanifold map x : N ^ M satisfies the Gauss equations 



{Gauss) 



df^dtP 



where, if h is the metric induced by on TV, then A^^ = If^/j ^^e the compo- 
nents of the corresponding Levi-Civita connection. Let us choose A°'^ = 
such that 

and let /i° be solution for the Ricci PDE system 



dt-y 



Using this particular structure allows us to replace relation (33) with 



X f. 



0. 



Let Q 



'pk\i 9i, 



and Sp}^\i = ^{^pk\i + ^kp\i)'! ^pk\i = 2^^PMi ~ 

^kp\i)- By computation, we obtain that each solution x(-) of PDE system 
(32) satisfies the equahty hP°'^x^XpApk\i — 0, and therefore, the relation (34) 
becomes 



(35) + 



dt°'dt^ 



+ h ^ x^XfjSpk\i — 0. 



Theorem 5. The solutions of the implicit homogeneous PDE system 
of first order (32) are f -harmonic maps relative to {N, h^) and M , where 
fij — 9isYj + gjsY^ O'lT'd g is solution for the PDE system 



(36) 



{VkYYj - {WjY)l] + gj, [iW,Y)t - iW,Y)l] = 2g,pGlYl 



Hint. We consider the Lagrangian Lg — ^h^"'^ fijxl^XpVhP . Similar ar- 
guments with the forgoing one ensure us that relations (35) describe the 
Euler-Lagrange PDE system corresponding to this Lagrangian. □ 
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